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EXISTENCE OF CLOSED GEODESICS THROUGH A
REGULAR POINT ON TRANSLATION SURFACES
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Abstract. We show that on any translation surface, if a regular
point is contained in some simple closed geodesic, then it is con-
tained in infinitely many simple closed geodesics, whose directions
are dense in RP1. Moreover, the set of points that are not con-
tained in any simple closed geodesic is finite. We also construct
explicit examples showing that such points exist on some trans-
lation surfaces. For a surface in any hyperelliptic component, we
show that this finite exceptional set is actually empty. The proofs
of our results use Apisa’s classifications of periodic points and of
GL(2,R) orbit closures in hyperelliptic components, as well as a
recent result of Eskin-Filip-Wright.
Keywords: translation surfaces, simple closed geodesics, periodic points,
orbit closure
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1. Introduction
Translation surfaces are flat surfaces with conical singularities such
that the holonomy of any closed curve (not passing through the singu-
larities) is a translation of R2. On such a surface, a natural question
one may ask is whether there exists any simple closed geodesic that
avoids singularities and passes through a given regular point. This
question is particularly relevant in view of applications to the theory
of billiards.
Throughout this paper, the translation surfaces we consider will be
closed, and by closed geodesics we will mean those that do not pass
through singularities. In the literature, Masur [21] proved that the set
of directions in which there exist simple closed geodesics is a dense sub-
set of RP1 ' R/piZ. Later, Bosheritzan-Galperin-Kru¨ger-Troubetzkoy
[8] improved Masur’s result, they proved that the set of tangent vectors
that generate closed geodesics is dense in the unit tangent bundle of the
surface (see also [22]). Vorobets [33, 34] proved that for any translation
Date: August 22, 2019.
1
ar
X
iv
:1
71
2.
09
06
6v
3 
 [m
ath
.G
T]
  2
1 A
ug
 20
19
2 DUC-MANH NGUYEN, HUIPING PAN, AND WEIXU SU
surface, almost every regular point on it is contained in infinitely many
simple closed geodesics, whose directions are dense in RP1.
In this paper, we will show
Theorem 1. On any translation surface, every regular point, except
for finitely many, is contained in some simple closed geodesic.
Furthermore, we have
Theorem 2. Let (X,ω) be a translation surface. If a regular point on
(X,ω) is contained in some simple closed geodesic, then
(i) it is contained in infinitely many simple closed geodesics {γn}n≥1,
whose directions are dense in RP1;
(ii) the union ∪n≥1γn is dense in (X,ω).
Remark 1.1. On any translation surface, a regular point being con-
tained in a simple closed geodesic is equivalent to it being contained in
the interior of some cylinder.
For translation surfaces in the hyperelliptic components, we show
that the finite exceptional set mentioned in Theorem 1 is actually
empty.
Theorem 3. Let (X,ω) be a translation surface in one of the hyperel-
liptic components Hhyp(κ) with κ ∈ {(2g− 2), (g− 1, g− 1)} for g ≥ 2.
Then any regular point of (X,ω) is contained in infinitely many simple
closed geodesics.
It is not difficult to construct translation surfaces on which there
exist regular points not contained in any simple closed geodesic (see
Section 3). Thus the exceptional subset is not empty in general.
Outline. Here below we will give an outline of the proofs. All the
definitions and necessary materials will be introduced in Section 2. It
is worth noticing that, even though the statements of these theorems
only concern one individual surface, their proofs use in an essential way
the structure of its GL(2,R)-orbit closure.
(1) The strategy to prove Theorem 1 is to show that any regular
point in a translation surface (X,ω) that is not contained in
any simple closed geodesic is a “periodic point” in the sense of
Apisa [4].
(2) Theorem 2 is based on a result of Eskin-Mirzakhani-Mohammadi
(see Theorem 2.2) which states that, given a translation surface
with marked points (X,ω, {p1, . . . , pn}), for any interval I =
[a, b] ⊂ R/2pi with b 6= a, the sector {atrθ(X,ω, {p1, . . . , pn}) :
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t > 0, θ ∈ I} is equidistributed in the SL(2,R) orbit closure of
(X,ω, {p1, . . . , pn}), where at =
(
et 0
0 e−t
)
and rθ =
(
cos θ − sin θ
sin θ cos θ
)
.
(3) For Theorem 3, we now assume that (X,ω) belongs to some
hyperelliptic component Hhyp(κ), with κ ∈ {(2g−2), (g−1, g−
1)}. By Theorem 2 and Theorem 4.2, we only need to show
that every periodic point p in (X,ω) is actually contained in
at least one simple closed geodesic. Note that by a result of
Apisa [3, 5], we have a complete list of all the possibilities for
L = GL(2,R) · (X,ω).
If L = Hhyp(κ), then by [4, Theorem 1.5], p must be a regular
Weierstrass point of X. It follows from Proposition 6.1 that p
is contained in a simple cylinder of (X,ω). Thus the theorem is
proved for this case. By a simple observation (cf. Lemma 4.5),
this also yields the proof for the case that L consists of trans-
lation covers of surfaces in another hyperelliptic component of
lower genus. See Definition 2.8 for the notion of translation
cover.
If L is a non-arithmetic eigenform locus in genus two then ei-
ther p is Weierstrass point, or the GL(2,R) orbit closure of
(X,ω, p) contains a surface with one marked point (Y, η, q)
where (Y, η) is a Veech surface and q is a regular Weierstrass
point of Y . Note that the latter case occurs only if L is the
golden eigenform locus (see [6]). In both cases, Proposition 6.1
allows us to conclude. By Lemma 4.5, this also yields the proof
for the case L arises from a non-arithmetic eigenform locus by
a covering construction.
Assume now that L is a closed orbit, which means that (X,ω)
is a Veech surface. In this case the theorem follows from Propo-
sition 7.4.
Finally, assume that L consists of translation covers (see Def-
inition 2.8) of flat tori branched over two points. In this case,
we will show that the GL(2,R)-orbit closure of (X,ω, p) con-
tains a surface with one marked point (Y, η, q), where (Y, η) is
a Veech surface and q ∈ Y is a regular point. We then use
Proposition 7.4 and Lemma 4.4 to conclude.
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2. Background
In this section, we recall the basic definitions and important results
that are used in the proofs of the main theorems.
2.1. Stratum. A translation surface can be defined as a pair (X,ω)
where X is a compact Riemann surface of genus g ≥ 1 and ω is a
holomorphic one-form on X. In this description, the singularities of
the flat metric correspond to the zeros of the one-form. We will also
consider translation surfaces with some regular marked points. In this
situation, those regular points will be considered as zeros of order 0.
Given an integer g ≥ 2, let κ = (k1, . . . , kn) be an integral vector where
ki ≥ 0, i = 1, . . . , n, and k1 + · · ·+kn = 2g−2. Then the moduli space
of translation surfaces (X,ω) where ω has n zeros with orders given by
κ will be denoted by H(κ). The space H(κ) will be called a stratum.
It is a well-known fact that H(κ) is a complex orbifold of dimension
2g+ n− 1. For any (X,ω) ∈ H(κ), we choose a basis (γ1, . . . , γ2g+n−1)
of the relative homology group H1(X,Σ;Z), where Σ is set of zeros of
ω (including the ones of order 0). By a slight abuse of notation, for
(X ′, ω′) ∈ H(κ) close to (X,ω), we will also denote by γi the corre-
sponding element of H1(X
′,Σ′;Z), where Σ′ is the zero set of ω′. Then
the map
Φ : (X,ω) 7→ (
∫
γ1
ω, . . . ,
∫
γ2g+n−1
ω) ∈ C2g+n−1
is a homeomorphism from a neighborhood of (X,ω) onto its image, thus
defines a local chart for H(κ) near (X,ω). The map Φ is called the
period mapping, and the associated local coordinates are called period
coordinates. For a thorough introduction to the subject, we refer to
[22, 37].
2.2. Saddle connection and cylinder. A saddle connection of (X,ω)
is a geodesic segment for the flat metric defined by ω ending at the ze-
ros of ω which does not contain any zero in its interior. A cylinder of
(X,ω) is an open subset of X which is isometric to (R/cZ) × (0, h),
with c, h ∈ R>0, and not properly contained in another subset with the
same property. The parameters c and h are called the circumference
and the height of the cylinder respectively. The isometric mapping from
(R/cZ)×(0, h) to (X,ω) can be extended to a map from (R/cZ)× [0, h]
to X. The images of (R/cZ)× {0} and (R/cZ)× {h} under this map
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are called the boundaries or borders of the cylinder. Each boundary
component is a concatenation of some saddle connections in the same
direction. Note that the two boundary components are not necessar-
ily disjoint as subsets of X. A cylinder is called simple if each of its
boundary components consists of a single saddle connection. Note that
every simple closed geodesic is contained in a unique cylinder, and a
cylinder is foliated by parallel simple closed geodesics.
2.3. GL(2,R)-action. There is a natural GL(2,R) action on H(k),
which acts on (X,ω) ∈ H(κ) by post-composition with the atlas maps
for (X,ω). More precisely, let {(Ui, φi)}i∈I be an atlas of charts for
(X,ω) which defines the translation surface structure, covering X ex-
cept the zeros of ω (see §1.8 of [22]). Then for a ∈ GL(2,R), a · (X,ω)
is defined by the atlas {(Ui, a ◦ φi)}i∈I . In period coordinates, the ac-
tion of a is given by applying a to each coordinate (here, we use the
standard identification C ' R2).
There is a deep connection between the dynamics of GL(2,R) on
H(κ) and the dynamics of straight line flows on individual translation
surfaces. In more concrete terms, the geometric and dynamical prop-
erties of a translation surface is often encoded in its GL(2,R)-orbit
closure in moduli space.
We recall the recent breakthroughs of Eskin-Mirzakhani ([11]) and
Eskin-Mirzakhani-Mohammadi ([12]). Define an affine invariant sub-
manifold M in a stratum to be an immersed submanifold which is
defined locally by homogeneous linear equations with real coefficients
in the period coordinates (see [12] and [35] for more details).
Theorem 2.1 ([12]). The GL(2,R) orbit closure of any translation
surface is an affine invariant submanifold in its stratum. Any GL(2,R)
invariant, closed subset of a stratum is a finite union of affine invariant
submanifolds.
Note that each stratum is itself a GL(2,R)-orbit closure, by ergodic-
ity of Teichmu¨ller geodesic flow ([20]). A surface whose GL(2,R) orbit
is dense in its stratum is called generic. The above result of Eskin-
Mirzakhani-Mohammadi is followed by further results by Avila-Eskin-
Mo¨ller [1], Wright [35, 36], Filip [13] that provide more information
about the orbit closures. However, obtaining the complete classification
of GL(2,R)-orbit closures for each stratum remains a major challenge
in Teichmu¨ller dynamics.
Let at =
(
et 0
0 e−t
)
and rθ =
(
cos θ − sin θ
sin θ cos θ
)
. Let H1(κ) ⊂ H(κ) be the
set of translation surfaces of area one. The following theorem describes
the equidistribution of sectors.
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Theorem 2.2 (Theorem 2.6 in [12]). Let (X,ω) ∈ H1(κ) be a transla-
tion surface of are one. Let L ⊂ H1(κ) be the SL(2,R) orbit closure of
(X,ω). Then for any interval I = [a, b] ⊂ R/2pi with b 6= a, the sector
{atrθ · (X,ω) : t > 0, θ ∈ I} is equidistributed in L.
Remark 2.3. Theorem 2.2 also holds for translation surfaces with any
number of regular marked points.
2.4. Veech surfaces. For a translation surface (X,ω), let Aff(X,ω) be
the group of orientation-preserving self-homeomorphisms of X which
are given by affine maps in the local charts defined by ω. Elements of
Aff(X,ω) are called affine automorphisms of (X,ω) (see [15, 17, 22]).
To each affine automorphism f ∈ Aff(X,ω), one can associate a matrix
a(f) ∈ SL(2,R) which is the derivative of f in the local charts defined
by ω, i.e. the linear part of f . The image of Aff(X,ω) in SL(2,R)
under the map f 7→ a(f) is called the Veech group of (X,ω), denoted
by SL(X,ω). The group SL(X,ω) is also the stabilizer of (X,ω) un-
der the action of SL(2,R). If SL(X,ω) is a lattice of SL(2,R), i.e.
SL(2,R)/SL(X,ω) has finite volume with respect to the Haar measure
on SL(2,R), then (X,ω) is called a Veech surface (or lattice surface).
Theorem 2.4 ([31, 32]). A translation surface is a Veech surface if
and only if its GL(2,R) orbit is closed.
Since the parallel transport on a translation surface does not change
the directions of the tangent vectors, for any direction θ ∈ RP1, we
have a (singular) foliation of the surface whose leaves are geodesics in
this direction. This foliation is said to be uniquely ergodic if each of
its leaves is dense and there is a unique transverse measure up to a
multiplicative constant. On the other hand, this foliation is said to be
periodic if each of its leaves is either a saddle connection or a closed
geodesic. Veech surfaces are of particular interest because they have
more “symmetries” than other surfaces. Moreover, they have optimal
dynamical behaviors. Namely, we have
Theorem 2.5 ([32] Veech dichotomy). Let (X,ω) be a Veech sur-
face, then for every direction, the directional flow is either periodic
or uniquely ergodic.
As a consequence, we get
Corollary 2.6. On a Veech surface, the direction of any saddle con-
nection is periodic.
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2.5. Hyperelliptic components. By Kontsevich-Zorich’s result ([19]),
each stratum H(κ) has at most three connected components. If κ =
(2g − 2) or (g − 1, g − 1), then H(κ) contains a special called hyper-
elliptic component, which will be denoted by Hhyp(κ). Let us describe
Hhyp(κ) in details.
For g ≥ 2, let Q(−4 + `,−1`) be the set of meromorphic quadratic
differentials on the Riemann sphere with one zero of order −4+` and `
simple poles, where ` = 2g+1 if κ = (2g−2), or 2g+2 if κ = (g−1, g−1).
Then every translation surface in Hhyp(κ) is the holonomy double cover
of a quadratic differential in Q(−4 + `,−1`). The involution of (X,ω)
induced by the double cover is the hyperelliptic involution of X.
For g = 1, by convention, we consider a flat torus with one or two
marked points as a hyperelliptic translation surface and denote the cor-
responding strata by H(0) and H(0, 0) respectively. Surfaces in H(0)
(resp. in H(0, 0)) are holonomy double covers of quadratic differentials
in Q(−14) (resp. Q(0,−14)).
All Riemann surfaces of genus two are hyperelliptic, and the strata
H(2) and H(1, 1) only contain hyperelliptic components. The following
classification theorem of GL(2,R)-orbit closures of translation surfaces
in genus two was obtained by McMullen, prior to the works of Eskin-
Mirzakhani and Eskin-Mirzakhani-Mohammadi (parts of this classifi-
cation were also obtained by Calta [9]). In this paper, we will denote
the complex dimension of an orbit closure L by dimL. All dimensions
we mention are complex dimensions.
Theorem 2.7 (McMullen [25, 24, 23]). Let (X,ω) be a translation
surface in genus two, and let L be the closure of its GL(2,R) orbit in
the corresponding stratum. If (X,ω) ∈ H(2), then either
(1-a) L = H(2), or
(1-b) L = GL(2,R) · (X,ω); in this case, the Jacobian Jac(X) of X
admits real multiplication by a quadratic order of discriminant
D with ω as an eigenform.
If (X,ω) ∈ H(1, 1), then one of the following possibilities holds:
(2-a) L = H(1, 1).
(2-b) L is contained in the locus of pairs (X,ω) such that Jac(X)
admits real multiplication by a quadratic order of discriminant
D with ω as an eigenform, and dimL = 3.
(2-c) L = GL(2,R) · (X,ω); in this case L must be contained in an
orbit closure of the type described in (2-b).
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We refer to [25] for the precise definitions. Orbit closures of the type
(2-b) are called eigenform loci in H(1, 1) and indexed by the discrimi-
nantD. IfD = d2 for some integer d, then the locus is called arithmetic,
otherwise it is called non-arithmetic. In [24], McMullen showed that a
non-arithmetic eigenform locus of type (2-b) and discriminant D 6= 5
does not contain any closed GL(2,R) orbit. For D = 5, the corre-
sponding eigenform locus, which is called the golden eigenform locus,
contains a unique closed GL(2,R) orbit.
Definition 2.8 (Translation cover). Let (X1, ω1), (X2, ω2) be two trans-
lation surfaces. If there exists a (branched) cover pi : X1 → X2 such
that ω1 = pi
∗ω2, then (X1, ω1) is called a translation cover of (X2, ω2).
In the case where (X2, ω2) is a flat torus, (X1, ω1) is called a torus
cover.
Whenever we mention a (branched) cover in this paper, we mean a
translation cover.
Recently, using the results of [11] and [12] together with technical
tools developed in [26, 27], Apisa obtained the following classification
of GL(2,R) orbit closures in the hyperelliptic components of any genus.
Theorem 2.9 ([3, 5]). Let (X,ω) be a translation surface in some
hyperelliptic component Hhyp(2g − 2) or Hhyp(g − 1, g − 1), and L the
corresponding GL(2,R) orbit closure. Then L is one of the followings:
(1) If dimL = 2, then L is a closed orbit, i.e. (X,ω) is a Veech
surface.
(2) If dimL = 3 and L is arithmetic, that is L is locally defined by
linear equations with rational coefficients in period coordinates,
then L is a branched covering construction over H(0, 0).
(3) If dimL = 3 and L is nonarithmetic, then L is a branched
covering construction over some non-arithmetic eigenform locus
in H(1, 1).
(4) If dimL = 2r with 1 < r < g, then L is a branched covering
construction over Hhyp(2r − 2).
(5) If dimL = 2r+1 with 1 < r < g, then L is a branched covering
construction over Hhyp(r − 1, r − 1).
(6) L is the whole stratum.
The covers are branched over zeros of the holomorphic one-forms and
commute with the hyperelliptic involution.
Remark 2.10.
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• In genus three, this classification was obtained by Nguyen-Wright [30]
and Aulicino-Nguyen [2].
• The classification of Veech surfaces (Teichmu¨ller curves) re-
mains open, even in genus two.
2.6. Marked points and periodic points. A point p on a trans-
lation surface (X,ω) is called regular if it is not a zero of ω. A reg-
ular point p on (X,ω) is called a periodic point if the orbit closures
GL(2,R) · (X,ω, p) in H(κ, 0) and GL(2,R) · (X,ω) in H(κ) have the
same dimension ([4, 6, 7, 14, 28]). For a Veech surface, this is equivalent
to saying that the orbit of p under Aff(X,ω) is finite.
When (X,ω) is a surface in some hyperelliptic component, we have
the following result for the periodic points of (X,ω), due to Apisa and
Mo¨ller.
Theorem 2.11 ([4, 6, 28]). Let (X,ω) be a primitive translation sur-
face in some hyperelliptic component Hhyp(κ), where κ = (2g − 2) or
(g − 1, g − 1).
(1) If GL(2,R) · (X,ω) = Hhyp(κ), then the set of periodic points
of (X,ω) are the set of regular Weierstrass points.
(2) If (X,ω) is a primitive Veech surface of genus two, then the set
of periodic points of (X,ω) are the set of regular Weierstrass
points.
(3) If (X,ω) ∈ Hhyp(1, 1) contains a periodic point p which is not
a Weierstrass point, then GL(2,R) · (X,ω) is the golden eigen-
form locus.
Let (X,ω) be a generic surface in the golden eigenform locus (cf. Sec-
tion 2.5), and p ∈ (X,ω) be a periodic point which is not a Weierstrass
point. Then it is shown in [6, §2] (see also [18]) that the GL(2,R) orbit
closure of (X,ω, p) in H(1, 1, 0) contains a translation surface with one
marked point (Y, η, q), where (Y, η) is a Veech surface and q is a regular
Weierstrass point.
3. Existence of regular points not contained in any
simple closed geodesic
In this section, we will give a family of translation surfaces which
have regular points not contained in any simple closed geodesic.
Proposition 3.1. Let (Y, q) be a meromorphic quadratic differential
that has exactly one simple pole (the other singularities are zeros). Let
pi : (X,ω2)→ (Y, q) be the holonomy double cover. Then the pre-image
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of the simple pole under the double cover is not contained in any simple
closed geodesic.
Proof. Let y ∈ Y be the unique simple pole, and y˜ ∈ X be its preimage
under the double cover pi. Let i be the involution of X that permutes
the the sheets of the cover pi. It is clear that y˜ is the only regular
point which is invariant under i. Suppose to a contradiction that y˜ is
contained in some simple closed geodesic, say γ. Then γ is invariant
under the involution i. Since orientation-reversing isometries of the
circle have exactly two fixed points, there exists another fixed point of
i which is contained in γ. This contradicts the fact that y˜ is the only
non-singular fixed point of i. 
Remark 3.2.
(i) With the above notation, if (Y, q) has the property that every
regular point is contained in a simple closed geodesic, then y˜ =
pi−1(y) is the unique regular point of (X,ω) that is not contained
in any simple closed geodesic.
(ii) Let Q be the stratum of (Y, q). Combined with Theorem 4.2
below and [7, Th. 1.4], Proposition 3 implies that if Q does not
consist entirely of hyperelliptic surfaces, and (Y, q) is generic
in Q, then the preimage of the simple pole of q is the unique
regular point in X which is not contained in any simple closed
geodesic.
To close this section, we construct an explicit surface, which is
square-tiled, on which there is a unique regular point that is not con-
tained in any simple closed geodesic.
Example 1. Consider the example (X,ω) in Figure 1. It is obtained
from a central symmetric polygon P via edges identification. It is a
translation surface in H(1, 1, 1, 1, 2), tiled by 40 squares. It is also a
branched double cover over a quadratic differential (Y, q) ∈ Q(1, 2, 2,−1).
Let O ∈ (X,ω) be the point represented by the center of the polygon
which is the preimage of the simple pole of q. By Proposition 3.1, O
is a not contained in any simple closed geodesic of (X,ω). Moreover,
in this case, any other regular point is contained in some simple closed
geodesic of (X,ω). Indeed, by identification, the vertices of the squares
are partitioned into 34 equivalence classes (two vertices belong to the
same equivalence class if and only if they represent the same point on
(X,ω)). Five of them are the zeros of ω, and the remaining 29 classes
are regular points of ω which are marked out in the figure. The center
O is one of these 29 regular points. Consider the eight cylinders on
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Figure 1. A translation surface (X,ω) ∈
H(1, 1, 1, 1, 2). Each labeled edge is identified with
the edge of the same label, each unlabeled horizontal
(resp. vertical) edge is identified with the horizontal
edge in the same vertical strip (resp. vertical edge in
the same horizontal strip).
(X,ω) which are the images of the two cylinders in Figure 1 under the
x-reflection and y-reflection. It is not difficult to see that the remaining
28 noncenter regular points are contained in the interior of these eight
cylinders. Any other regular point which is not a vertex of the unit
square is contained in one of the horizontal or vertical cylinders.
4. Proof of Theorem 1
Our goal in this section is to prove Theorem 1.
4.1. Torus with marked points.
Lemma 4.1. Let (T, p1, · · · , pk) ∈ H(0k) be a torus with k ≥ 1 marked
points.
(1) If 1 ≤ k ≤ 2, then every point p ∈ T\{p1, · · · , pk} is contained
in some simple closed geodesic of T\{p1, · · · , pk}.
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(2) If k ≥ 3, then every regular point in T\{p1, · · · , pk}, except for
a finite set, is contained in some simple closed geodesic.
Proof. Without loss of generality, we may assume that T is obtained by
identifying the opposite sides of [0, 1] × [0, 1] such that p corresponds
to (0, 0), and pi = (ai, bi) 6= (0, 0) ∈ [0, 1]× [0, 1], 1 ≤ i ≤ k.
(1) 1 ≤ k ≤ 2. It suffices to prove the statement for the case k = 2.
Consider the following three simple closed geodesics through p: the
horizontal geodesic γ1, the vertical geodesic γ2, and the geodesic γ3
with slope one. At least one of these three simple closed geodesics does
not intersect {p1, p2}.
(2) k ≥ 3. Let H (resp. V ) be the union of all the horizontal (resp.
vertical) simple closed geodesics passing through p1, . . . , pk. Then every
point in T \ (H ∩V ) is contained in at least one simple closed geodesic
γ which dose not intersect {p1, . . . , pk}. Since H ∩V is a finite set, this
completes the proof. 
4.2. Periodic points.
Theorem 4.2. Let (X,ω) be a translation surface. Then any regular
point which is not contained in any simple closed geodesic is a periodic
point of (X,ω).
As a consequence of Theorem 4.2, we get
Corollary 4.3. Let (X,ω) be a generic surface in a non-hyperelliptic
component. Then every regular point of (X,ω) is contained in some
simple closed geodesic.
Proof. By a result of Apisa [4, Cor.1], (X,ω) does not have any periodic
point. Thus, the corollary follows immediately from Theorem 4.2. 
Let L = GL(2,R) · (X,ω), and L∗ the set of translation surfaces
with one marked point (Y, η, q), where (Y, η) ∈ L and q ∈ (Y, η) is a
regular point. Let N ⊂ L∗ be the set of translation surfaces with one
marked point (Y, η, q) ∈ L∗ such that q ∈ (Y, η) is not contained in any
simple closed geodesic.
Lemma 4.4. The subset N is GL(2,R) invariant, closed, and proper.
Proof. It is clear that N is GL(2,R) invariant. The properness follows
from Masur’s result ([21]) that (X,ω) contains infinitely many simple
closed geodesics. To prove that N is closed, it suffices to prove that its
complement Nc is open. Let (Y, η, q) be an element of Nc. Then q is
contained in at least one simple closed geodesic of (Y, η), which implies
that q is contained in the interior of at least one cylinder. This cylinder
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persists on nearby surfaces in L∗. As a consequence, for all surfaces
(Y ′, η′, q′) sufficiently close to (Y, η, q), q′ is contained in at least one
simple closed geodesic of (Y ′, η′). Therefore, Nc is open in L∗. 
Proof of Theorem 4.2. Let Lp ⊂ N be the GL(2,R) orbit closure of
(X,ω, p) in L∗. By Lemma 4.4, Lp is a proper affine invariant subman-
ifold of L∗. Therefore, dimL ≤ dimLp < dimL∗ = dimL+ 1. Hence,
dimL = dimLp and, by definition, p is a periodic point of (X,ω). 
4.3. Proof of Theorem 1.
Lemma 4.5. Let (X1, ω1), (X2, ω2) be two translation surfaces, and
pi : (X1, ω1)→ (X2, ω2) a translation cover. Let Σ2 be the finite subset
of X2 that contains all the zeros of ω2 and the images of the branched
points of pi. Let Σ1 = pi
−1(Σ2). Assume that any point in X2\Σ2
is contained in some simple closed geodesic which does not intersect
Σ2. Then any point in X1\Σ1 is also contained in some simple closed
geodesic which does not intersect Σ1.
Proof. Observe that by assumption, Σ1 contains all the zeros of ω1. Let
x be any point of X1\Σ1, then the image pi(x) of x is a point of X2\Σ2.
By assumption, pi(x) is contained in some simple closed geodesic γ such
that γ∩Σ2 = ∅. On the other hand, the preimage of γ is a finite union
of simple closed geodesics of (X1, ω1) which do not intersect Σ1, one of
which contains x, say γ˜. This completes the proof. 
Proof of Theorem 1. Let J be the set of regular points on (X,ω) each of
which is not contained in any simple closed geodesic. By Theorem 4.2,
every point p ∈ J is a periodic point of (X,ω). By the work of Eskin-
Filip-Wright [10, Theorem 1.5] (see also [7, Theorem 1.2]), (X,ω) has
infinitely many periodic points if and only if (X,ω) is a torus cover.
Thus Theorem 1 is proved for surfaces that are not torus covers.
Suppose now that (X,ω) is a torus cover. Let
pi : (X,ω)→ (T, {p1, . . . , pk})
be a translation cover, with (T, {p1, . . . , pk}) ∈ H(0k) for some k ≥ 1.
By Lemma 4.1, every regular point in T \ {p1, . . . , pk}, except for a
finite set, is contained in some simple closed geodesic. Thus in this
case, Theorem 1 is a direct consequence of Lemma 4.5. 
5. Proof of Theorem 2
In this section, we prove Theorem 2.
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Proof. Let (X,ω) ∈ H(κ). Suppose that p is a regular point of (X,ω)
that is contained in some simple closed geodesic.
(i) Without loss of generality, we may assume that (X,ω) has area one,
that is (X,ω) ∈ H1(κ), and p is contained in a horizontal simple closed
geodesic γ. Note that (X,ω, p) belongs to the stratum H(κ, 0). Let Lp
be the SL(2,R)-orbit closure of (X,ω, p) in H1(κ, 0).
By Theorem 2.2, for any interval I = [a, b] ⊂ R/2piZ with b 6= a, the
sector {atrθ · (X,ω, p) : t > 0, θ ∈ I} is equidistributed in Lp. We recall
that at =
(
et 0
0 e−t
)
, and rθ =
(
cos θ − sin θ
sin θ cos θ
)
. Consequently, there exist
some sequences {tn}n∈N, with tn → +∞ as n → ∞, and {θn}n∈N ⊂ I
such that
(1) atnrθn · (X,ω, p)→ (X,ω, p) as n→∞.
Let us denote
atnrθn · (X,ω, p) = (Xn, ωn, pn).
Since p is contained in a horizontal simple closed geodesic γ on (X,ω),
it is contained in the interior of a horizontal cylinder C. Such a prop-
erty is preserved under small deformations, that is, there is an open
neighhorhood U ⊂ H1(κ, 0) of (X,ω, p) such that on any translation
surface with one marked point (Y, η, q) in U, there is a cylinder C˜ in
the same homotopy class as C whose interior contains q.
For n sufficiently large (Xn, ωn, pn) belongs to U. Hence, there is
a cylinder C˜n on (Xn, ωn) whose interior contains pn. Let γ˜n be the
simple closed geodesic in C˜n which passes through pn.
By definition, there is an affine homeomorphism φn : (X,ω, p) →
(Xn, ωn, pn) whose derivative (at regular points of (X,ω)) is equal to
atnrθn . In particular, we have pn = φn(p). Let γn = φ
−1
n (γ˜n), then γn a
simple closed geodesic on (X,ω) passing through p.
Since the forgetful map H(κ, 0) → H(κ), (X,ω, p) 7→ (X,ω), is
continuous, we have that (Xn, ωn) converges to (X,ω). Since γ and γ˜n
belong to the same homotopy class, we get
lim
n→∞
∫
γ˜n
ωn =
∫
γ
ω.
In particular, the length of γ˜n on (Xn, ωn) has an upper bound for all
n ∈ N.
By definition, we have an affine map ϕn : (X,ω, p)→ rθn · (X,ω, p).
Let us denote by γ′n the image of γn under ϕn.
Claim 5.1. The direction of γ′n on rθn · (X,ω) converges to ±pi/2 ∈
RP1 ' R/piZ.
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Proof of the claim. Let un + ıvn be the period of γ
′
n, that is un + ıvn =
eıθn
∫
γn
ω.
We first observe that the lengths of simple closed geodesics on rθn ·
(X,ω) have a positive lower bound δ for all n ≥ 1 because rθn · (X,ω)
is isometric to (X,ω). Therefore
√
u2n + v
2
n > δ, for all n.
Suppose to a contradiction that there is a subsequence of (un +
ıvn)n≥1, which will be denoted by (un + ıvn)n≥1 for convenience, whose
direction converges to some direction θ 6= ±pi
2
∈ R/piZ. Then there
exists N ′ sufficiently large such that |un|√
u2n+v
2
n
> 1
2
| cos θ| for n > N ′,
which implies
|un| > 1
2
δ| cos θ|.
Since (Xn, ωn) = atn · rθn · (X,ω), we have∣∣∣∣Re(∫
γ˜n
ωn
)∣∣∣∣ = etn|un| > 12etnδ| cos θ|.
As a consequence, the length of γ˜n on (Xn, ωn) tends to infinity, which
contradicts the property that the length of γ˜n converges to the length
of γ on (X,ω). 
It follows from the above claim that for any  > 0, for n sufficiently
large, the direction of γn on (X,ω) is contained in some interval ]pi/2−
b − , pi/2 − a + [⊂ R/piZ. Recall that p is contained in each γn. By
the arbitrariness of I = [a, b] and , this completes the proof of (i).
(ii) By [16], the set of directions θ such that the horizontal foliation of
(X, eıθω) is uniquely ergodic has full measure in RP1 ' R/piZ. Let θ
be a direction in this set. In particular, there is no horizontal saddle
connection on (X, eıθω). It follows that at least one of the half leaves
of the horizontal foliation through p does not meet any singularity,
hence must be dense in X. Let us parametrize this half leaf by a map
Lp(t) : R≥0 → X such that Lp(0) = p and the length of the segment
from p to Lp(t) is t for any t > 0.
By the result of part (i), the directions of the simple closed geodesics
passing through p are dense in RP1. Thus we can take a sequence of
distinct simple closed geodesics {γn} through p such that the direction
of γn converges to the horizontal direction on (X, e
ıθω). We also pa-
rametrize γn by its arc length starting from p. Note that the length of
γn tends to infinity as n → ∞. Since the direction of γn converges to
the horizontal direction, for any fixed T , γn(T )→ Lp(T ) as n→∞.
Given any point q on (X,ω) and any open neighborhood U of q,
there exists T ≥ 0 such that Lp(T ) ∈ U . Thus γn intersects U for n
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sufficiently large. As a result, the union of the simple closed geodesics
passing through p is dense in X. 
6. Regular Weierstrass points on surfaces in
hyperelliptic components
In this section, we prove a technical result which is a generalization
of [29, Lem. 2.1] and will be used in the proof of Theorem 3.
Proposition 6.1. Let (X,ω) be a translation surface belonging to a
hyperelliptic component Hhyp(κ), where κ is either (2g − 2) or (g −
1, g− 1) with g ≥ 2. We denote by τ the hyperelliptic involution of X.
Let I be a saddle connection on X that is invariant by τ . Then there
exists a simple cylinder on X that contains I.
For our purpose, we will need the following observation which is well
known to experts in the field. We include its proof here for sake of
completeness.
Lemma 6.2. Let P = (P1P2P3P4) be a parallelogram in the plane.
Assume that there is a continuous map ϕ : P → X satisfying the
following
• ϕ maps the vertices of P to the singularities of the flat metric,
• for any P ∈ P \ {P1, P2, P3, P4}, ϕ(P ) is not a singularity,
• ϕ is locally isometric in int(P).
Then the restriction of ϕ to the interior of P is an embedding.
Remark 6.3.
• By assumption, ϕ maps the sides of P to some saddle connec-
tions of (X,ω). It may happen that ϕ sends opposite sides of P
to the same saddle connection.
• The assumption that no point in the interior of a side of P is
mapped to a singularity is essential. For a counter example,
consider a map from a rectangle in the plane onto a horizontal
cylinder whose circumference is half of the length of the hori-
zontal sides of the rectangle.
Proof of Lemma 6.2. Without loss of generality, we can suppose that
P1 is the origin of plane. Let
−→u and −→v denote the vectors −−→P1P2 and−−→
P1P4 respectively, then P = {s−→u + t−→v , (s, t) ∈ [0; 1]× [0; 1]}.
Assume now that there are two points P, P ′ ∈ int(P) such that
ϕ(P ) = ϕ(P ′). Let −→w denote the vector −−→PP ′. We have −→w = α−→u +
β−→v , with α, β ∈ (−1; 1) × (−1; 1). One can always find (a, b) ∈
{(0, 0), (1, 0), (0, 1), (1, 1)} such that (α + a, β + b) ∈ [0; 1) × [0; 1).
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Namely, a = 0 if α ≥ 0 and a = 1 if α < 0, b = 0 if β ≥ 0 and b = 1
if β < 0. Note that α + a = 0 only if α = 0, and β + b = 0 only if
β = 0. Since P and P ′ are two distinct points in the interior of P, we
have (α, β) 6= (0, 0), which implies that (α + a, β + b) 6= (0, 0).
Let Q be the point such that
−−→
P1Q = (α + a)
−→u + (β + b)−→v . Since
(α+ a, β + b) ∈ [0; 1)× [0; 1) \ {(0, 0)}, the point Q is located either in
the interior of P, or in the interior of a side of P.
P1 P2
P3P4
Q
P
P ′
Figure 2. Location of the point Q: case (a, b) = (0, 1)
Let Pi be the vertex of P such that
−−→
P1Pi = a
−→u + b−→v . Then
−−→
PiQ =
−−→
P1Q−−−→P1Pi = α−→u + β−→v =
−−→
PP ′.
Now since ϕ(P ) = ϕ(P ′) and the holonomies of the flat metric are
translations, the segments PiP and QP ′ are mapped to the same seg-
ment in X, that is, the image of the parallelogram (PP ′QPi) (possibly
degenerated) is contained in a cylinder. In particular, we must have
ϕ(Pi) = ϕ(Q). But by assumption ϕ(Pi) is a singularity while ϕ(Q) is
a regular point of the flat metric. We thus have a contradiction which
proves the lemma. 
Recall that on a translation surface, a separatrix is a geodesic ray
emanating from a singularity. In the proof of Proposition 6.1, we will
repeatedly use the following two lemmas
Lemma 6.4. Let (X,ω) be a translation surface in a hyperelliptic com-
ponent, and I be a horizontal saddle connection on X which is invariant
by the hyperelliptic involution. Assume that some vertical separatrices
of X intersect int(I). Then there is a parallelogram P in the plane,
and a map ϕ : P→ X such that
(a) no side of P is vertical, nor horizontal,
(b) P contains a horizontal diagonal which is mapped onto I.
(c) ϕ is locally isometric and maps each side of P to a saddle con-
nection,
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(d) the restriction of ϕ into int(P) is an embedding.
Proof. Consider the set of vertical separatrices that intersect int(I).
For each of these rays, we consider the segment from its origin to its
first intersection with int(I). We then get a finite family of vertical
geodesic segments, each of which joins a singularity to a point in int(I),
and contains no point of int(I) in the interior. Let η be a segment of
minimal length in this family.
We can identify I with a horizontal segment PQ in the plane, and
η with a vertical segment in R2 whose endpoints are denoted be P1
and R1, where R1 ∈ int(PQ). Let Q1 denote the image of P1 un-
der the rotation by pi around the midpoint of PQ. Let P denote the
parallelogram with vertices P, P1, Q,Q1.
Using the developing map (for instance by following the vertical lines
through the points in PQ), we can define a locally isometric map from
a rectangle PQ× (−, ) to (X,ω), for some  > 0. We claim that this
local isometry can be extended to the rectangle R (bounded by vertical
and horizontal segments) that contains P,Q, P1, Q1 in the boundary.
Indeed, the extension to R fails only if there is a point in int(R) that
gets mapped to a singularity of X. But this implies that there is a
vertical geodesic segment from that singularity to a point in int(I)
which is shorter than η. By the choice of η, this is impossible.
Since P ⊂ R, we get a locally isometric map ϕ : P → X. By
construction, no side of P is vertical, nor horizontal, and we have
ϕ(PQ) = I.
Note that ϕ(PP1) and ϕ(QP1) are saddle connections of (X,ω) be-
cause P1 is mapped to a singularity. Since the hyperelliptic involution
fixes the midpoint of I and permutes its endpoints, this involution can
be identified with the rotation by pi around the midpoint of PQ via
ϕ. Consequently, ϕ(Q1Q) and ϕ(Q1P ) are also saddle connections of
(X,ω). It follows that the map ϕ satisfies the hypothesis of Lemma 6.2,
hence the restriction of ϕ to int(P) is an embedding. 
Lemma 6.5. Let (X,ω) be a translation surface in a hyperelliptic com-
ponent Hhyp(κ). Let (δ+, δ−) be a pair of saddle connections on X that
are permuted by the hyperelliptic involution τ . Then removing δ+ and
δ− decomposes X into two (connected) components invariant by τ , the
closures of these two components, denoted by X ′ and X ′′, are subsur-
faces of X bounded by δ+∪δ−. The closed surfaces Xˆ ′ and Xˆ ′′ obtained
from X ′ and X ′′ respectively by gluing δ+ and δ− together belong to
some hyperelliptic components of lower dimension than Hhyp(κ).
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Proof. By definition, there is a double cover pi : X → S2 branched over
2g + 2 points (where g is the genus of X), and a quadratic differential
q on S2 such that ω2 = pi∗q. If g ≥ 2 then q has a unique zero and
2g+1 simple poles. For g = 1, q has four simple poles. If κ = (0), then
one of the poles is the image of the unique marked point of X, and if
κ = (0, 0), then the image of the two marked points on X is a regular
marked point. By a slight abuse, in the case g = 1, we will consider
the image of the marked point(s) on X as the unique zero of q. In all
cases, let us denote by y0 the unique zero of q.
Since δ+ and δ− are permuted by τ , both of them are mapped by pi
onto a simple closed curve δ through y0 on S2. Note that δ is a saddle
connection for the flat metric defined by q. The curve δ decomposes S2
into two subsurfaces, denote by Y ′, Y ′′, whose boundary is identified
with δ. Note that Y ′ and Y ′′ are both homeomorphic to a closed disc.
Let X ′ = pi−1(Y ′), X ′′ = pi−1(Y ′′). Then X ′ and X ′′ are connected
subsurfaces of X invariant under τ whose boundary is δ+ ∪ δ−. This
proves the first assertion of the lemma.
Let y be the midpoint of δ, that is, y decomposes δ into two subseg-
ments δ1, δ2 of the same length. Let Yˆ
′ (resp. Yˆ ′′) be the closed flat
surface obtained from Y ′ (resp. Y ′′) by gluing δ1 and δ2 together so that
y becomes a singularity with cone angle equal to pi. Since Yˆ ′ and Yˆ ′′
are homeomorphic to the sphere, and all the angles at the singularities
of Yˆ ′ and Yˆ ′′ are integral multiples of pi, the flat metric of Yˆ ′ and Yˆ ′′
are defined by some quadratic differentials q′ and q′′ respectively. By
construction, q′ and q′′ have at most one zero, which must be located
at y0.
It is not difficult to see that the surface Xˆ ′ (resp. Xˆ ′′) is actually the
holonomy double cover of Yˆ ′ (resp. Yˆ ′′). Since q′ and q′′ have at most
one zero, Xˆ ′ and Xˆ ′′ belong to some hyperelliptic components, and the
second assertion of the lemma follows. 
Remark 6.6. If X is a hyperelliptic Riemann surface, but (X,ω)
does not belong to a hyperelliptic component, then the conclusion of
Lemma 6.5 does not hold. This is because in this case q has more than
one zero, hence the image of δ+ and δ− may be a simple arc on the
sphere.
Proof of Proposition 6.1. Without loss of generality, we can assume
that I is horizontal. We identify I with a segment PQ in R2. It
is a classical result that for all but countably many directions θ, the
flow in direction θ is minimal on (X,ω) (see for instance [22]). Pick
a non-horizontal minimal direction θ for (X,ω). Using the action of
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{( 1 t0 1 ) , t ∈ R}, we can assume that θ is the vertical direction. Since
the vertical flow is minimal, every vertical separatrix is dense in X. In
particular, they all intersect int(I).
Let P1 = (PP1QQ1) be the parallelogram, and ϕ1 : P1 → X be the
locally isometric map constructed in Lemma 6.4. Let δ+1 := ϕ1(PP1),
δ−1 := ϕ1(Q1Q), γ
+
1 := ϕ1(QP1), and γ
−
1 := ϕ1(Q1P ). Note that δ
±
1
and γ±1 are saddle connections of (X,ω), and that δ
+
1 and δ
−
1 (resp. γ
+
1
and γ−1 ) are exchanged by the hyperelliptic involution τ .
If δ+1 = δ
−
1 and γ
+
1 = γ
−
1 then ϕ1(P1) is a closed torus, which is impos-
sible since we have assumed that X has genus at least two. Therefore,
up to a relabeling of {P1, Q1}, we can suppose that δ+1 6= δ−1 .
We now consider the following algorithm: assume that we have a
locally isometric map ϕn from a parallelogram Pn = (PPnQQn) ⊂ R2
to X that contains PQ as a diagonal such that
(i) ϕn(PQ) = I,
(ii) ϕn maps the sides of Pn to saddle connections of (X,ω),
(iii) the restriction of ϕn to the interior of Pn is an embedding,
(iv) δ+n := ϕn(PPn) and δ
−
n := ϕn(QQn) are two different saddle
connections.
Let us denote by γ+n and γ
−
n the saddle connections of (X,ω) which are
the images of QPn and PQn under ϕn respectively.
If γ+n = γ
−
n then the algorithm stops. In this case, ϕn(Pn) is a simple
cylinder (bounded by δ+n and δ
−
n ) that contains I and we are done.
Otherwise, we use the action of a matrix Ut = ( 1 t0 1 ) , t ∈ R, to make
PPn a vertical segment. By a slight abuse of notation, we continue
denoting by Pn and (X,ω) the images of Pn and of (X,ω) under the
action of Ut respectively. Consequently, there is a map from Pn to
(X,ω) with the same properties as ϕn. We denote this map also by ϕn.
It is worth noticing that, even though in each step we actually change
the surface (X,ω) by applying to it some matrix in {( 1 t0 1 ) , t ∈ R},
the conclusion we get also holds for the original surface because we are
staying in the same GL(2,R)-orbit.
We then have two cases:
• Case 1: some vertical separatrices intersect int(I). In this case,
using Lemma 6.4, we obtain a locally isometric map ϕn+1 from
parallelogram Pn+1 = (PPn+1QQn+1), that contains PQ as a
diagonal to X. We choose the labeling such that Pn+1 and Pn
are on the same side with respect to I (see Figure 3).
By construction, ϕn+1 satisfies the properties (i),(ii), (iii). We
claim that ϕn+1 satisfies (iv) as well. Let δ
+
n+1 := ϕn+1(PPn+1)
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and δ−n+1 := ϕn+1(QQn+1). Suppose that δ
+
n+1 = δ
−
n+1. Because
PPn+1 and Qn+1Q are mapped to the same saddle connections,
the geodesic rays in direction (0, 1) starting from P and from
Qn+1 are mapped to the same ray in X. Let Q
′ be the point in
the plane such that
−−−−→
Qn+1Q
′ =
−−→
PPn.
If Q′ ∈ int(Pn+1) then ϕn+1(Qn+1Q′) = δ+n , but this is a
contradiction because points in int(Pn+1) are mapped to regular
points in X. Thus Q′ 6∈ int(Pn+1). Consequently, the segment
Qn+1Q′ must intersect int(PQ), which implies that δ+n intersects
int(I) contradicting the hypothesis that ϕn is an embedding in
int(Pn). Therefore, we must have δ
+
n+1 6= δ−n+1.
Pn
P
Qn+1
Pn+1
Q
Qn
δ+n
δ−n
δ+n+1
δ−n+1
P ′
Q′n+1
Pn
P
Qn+1
Q′
Q′n
Pn+1
Q
δ+n
δ−n
δ+n+1
δ−n+1
V
Figure 3. Embedded parallelogram containing I: Case
1 (left) and Case 2 (right).
• Case 2: no vertical separatrix intersects int(I). In this case I
is contained in a vertical cylinder V whose boundary contains
δ+n and δ
−
n . Let ` be the circumference of V . We can represent
V by a rectangle R = (PQQ′P ′) in the plane as shown in
Figure 3, where the length of PP ′ and QQ′ is `. There is a
locally isometric mapping ϕ : R → X such that ϕ(PQ) =
ϕ(P ′Q′) = I, and the restriction of ϕ to int(R) is an embedding.
The vertical sides of R are decomposed into several segments,
each of which is mapped to a saddle connection of (X,ω). By
construction PPn is the bottom most segment in the left border
of R. Let Q′n be the lower endpoint of the topmost segment
in the right border of R, then Q′Q′n is mapped to the saddle
connection δ−n .
22 DUC-MANH NGUYEN, HUIPING PAN, AND WEIXU SU
If V is a simple cylinder then γ+n = γ
−
n and we are done.
Thus, let us suppose that the left border of V contains a saddle
connection other than δ+n . Since V is invariant under the hyper-
elliptic involution (because I is), its right border must contain
the same number of saddle connections as its left border. There-
fore, the right border must contain a saddle connection other
than δ−n .
Let Q′n+1 be the lower endpoint of the topmost segment in
the left border of R, and Pn+1 be the upper endpoint of the
bottommost segment in the right border of R. Then the saddle
connection which is the image of P ′Q′n+1 is not δ
+
n , and the one
which is the image of QPn+1 is not δ
−
n .
Let Qn+1 be the image of Q
′
n+1 under the translation by
−−→
P ′P .
Consider the parallelogram Pn+1 = (PPn+1QQn+1). The map
from R to (X,ω) can be extended to the triangle (PQQn+1),
hence we have a locally isometric map ϕn+1 : Pn+1 → (X,ω).
Let us denote by δ+n+1 and δ
−
n+1 the images under ϕn+1 of PPn+1
andQQn+1 respectively. It is straightforward to check that ϕn+1
satisfies the properties (i),. . . ,(iv).
We now show that the algorithm has to stop after finitely many steps.
For i ∈ {n, n+ 1}, since δ+i and δ−i are permuted by τ , it follows from
Lemma 6.5 that (δ+i , δ
−
i ) decomposes X into two subsurfaces invariant
by τ . Let Xi denote the subsurface that contains I.
Let ϑ(Xi) be the total cone angle at the singularities of X inside Xi.
To be more precise, if ω has one zero, then δ+i , δ
−
i divide a small disk
about the unique zero of ω into 4 sectors. In this case ϑ(Xi) is the sum
of the angles of the two sectors contained in Xi. If ω has two zeros,
then δ+i , δ
−
i give two rays at each zero. In this case ϑ(Xi) is the sum of
the angles of the sectors (one at each zero) that are contained in Xi.
Note that ϑ(Xi) is also the total angle at the singularities of the
translation surface Xˆi which is obtained from Xi by gluing δ
+
i and δ
−
i
together. Therefore, ϑ(Xi) must be an integral multiple of 2pi. Note
also that ϑ(Xi) = 2pi if and only if Xi is a simple cylinder, in which
case Xˆi is a torus with a marked point.
If δ+n and δ
+
n+1 intersect at a point in their interior, then there is a
point in int(PPn+1) which is mapped to a point in δ
+
n . By considering
the vertical ray starting from this point in direction (0,−1), we see
that δ+n must intersect int(I). This is because this vertical ray must
terminate at a singularity, but all the points in int(Pn+1) are mapped
to regular points of X, hence it must cross Pn+1 entirely. In particular
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it must intersect int(PQ). Since this contradicts the assumption that
ϕn is an embedding in int(Pn), we conclude that δ
+
n+1 and δ
+
n can only
meet at their endpoints. Similarly, δ−n+1 and δ
+
n can only meet at their
endpoints as well. Since δ−n is the image of δ
+
n under the hyperelliptic
involution, the same statements hold for δ−n .
It follows that Xn+1 is a proper subsurface of Xn, and therefore
ϑ(Xn+1) < ϑ(Xn). Consequently, the algorithm has to stop after at
most ϑ(X)/(2pi) steps, where ϑ(X) is the total cone angle at the sin-
gularity of X, and we get a simple cylinder that contains I. 
Corollary 6.7. Let (X,ω) be a translation surface in some hyperel-
liptic component Hhyp(κ) of genus at least 2. Let W be a Weierstrass
point of X which is not a zero of ω. Then W is contained in a simple
cylinder of (X,ω).
Proof. Let J be a geodesic segment of that realizes the distance from
W to the zero set of ω. Then I := J ∪ τ(J) is a saddle connection
invariant by τ . Thus, by Proposition 6.1, there is a simple cylinder C
in X that contains I. 
7. Proof of Theorem 3
In this section, we will prove Theorem 3. Let L be the GL(2,R) orbit
closure of (X,ω) in Hhyp(κ) with κ ∈ {(2g − 2), (g − 1, g − 1)}, g ≥ 2.
By Theorem 2.9, there are five possibilities:
(I) L = Hhyp(κ), where κ = (2g − 2) or (g − 1, g − 1).
(II) 4 ≤ dimL < dimHhyp(κ) and L is obtained from a translation
covering construction over Hhyp(κ′), that is, surfaces in L are
translation covers of surfaces in Hhyp(κ′), where κ′ = (2r − 2)
or (r − 1, r − 1) and 2 ≤ r < g. In this case, we will write
L = H˜hyp(κ′).
(III) dimL = 3 and L consists of translation covers of surfaces in
some eigenform locus ΩED(1, 1) in H(1, 1), where the associ-
ated discriminant D is not a square. In this case we will write
L = Ω˜ED(1, 1).
(IV) dimL = 3 and L consists of translation covers of surfaces in
H(0, 0), the covering maps are ramified over two points. In this
case we will write L = H˜(0, 0).
(V) dimL = 2, L is a closed orbit.
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Remark 7.1.
• Case (4) and (5) in Theorem 2.9 are regrouped in Case (II)
above.
• The numbering is chosen to better fit the strategy of the proof.
7.1. Case I: L = Hhyp(κ).
Proof of Theorem 3 for Case I. Suppose to a contradiction that there
is a regular point p of (X,ω) which is not contained in any closed
geodesic. By Theorem 4.2, p is a periodic point of (X,ω). Therefore, p
is a Weierstrass point of (X,ω) by Theorem 2.11. But by Corollary 6.7,
p is contained in a simple cylinder. Thus we have a contradiction, which
proves the theorem for this case. 
7.2. Case II: L = H˜hyp(κ′) for some κ′ = (2r − 2) or (r − 1, r − 1)
with 2 ≤ r < g.
Proof of Theorem 3 for Case II. Let pi : (X,ω) → (X ′, ω′) be a trans-
lation cover with (X ′, ω′) ∈ Hhyp(κ′). Let Σ and Σ′ be the zero sets of
ω and ω′ respectively. In this case we have Σ = pi−1(Σ′). By assump-
tion, the GL(2,R) orbit closure of (X ′, ω′) is Hhyp(κ′). By Theorem 3
for Case I, any regular point of (X ′, ω′) is contained in infinitely many
simple closed geodesics. Lemma 4.5 then implies that the same is true
for (X,ω). 
7.3. Case III: L = Ω˜ED(1, 1), D is not a square.
Proof of Theorem 3 for Case III. Let pi : (X,ω) → (Y, η) ∈ ΩED(1, 1)
be a translation cover which is branched over the zeros of η. Then
GL(2,R) · (Y, η) = ΩED(1, 1). By Lemma 4.5, to prove Theorem 3, it
suffices to prove that every regular point of (Y, η) is contained in some
simple closed geodesic of (Y, η). Suppose to a contradiction that (Y, η)
contains a regular point q which is not contained in any simple closed
geodesic. Then, by Theorem 4.2, q is a periodic point of (Y, η). If q is a
Weierstrass point, by Corollary 6.7, q is contained in a simple cylinder
and we have a contradiction.
If q is not a Weierstrass point of (Y, η), then by Theorem 2.11,
GL(2,R) · (Y, η) is the golden eigenform locus. It follows from [6, Sect.
2], that the GL(2,R) orbit closure of (Y, η, q) contains a marked trans-
lation surface (Y ′, η′, q′), where (Y ′, η′) is a Veech surface, and q′ is
a regular Weierstrass point. By Lemma 4.4, q′ is not contained in
any simple closed geodesic of (Y ′, η′), which again contradicts Corol-
lary 6.7. 
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Remark 7.2. For this case, the theorem can also be shown by more
direct arguments, using the fact that surfaces in eigenform loci are com-
pletely periodic in the sense of Calta.
7.4. Case V: L is a closed orbit, that is (X,ω) is a Veech surface.
Let us start with the following observation
Lemma 7.3. Let (X,ω) be a translation surface in Hhyp(2g − 2) or
Hhyp(g − 1, g − 1). Let γ be a saddle connection of (X,ω) which is
invariant under the hyperelliptic involution. Assume that γ is contained
in the boundary of a cylinder C. Then γ is contained in a simple
cylinder D such that D ⊂ C, and the core curves of D cross C once.
Proof. Applying a rotation if necessary, we can assume that C is hori-
zontal. Without loss of generality , we can assume that γ is contained in
the top boundary of C. Since (X,ω) belongs to a hyperelliptic compo-
nent, C is invariant under the hyperelliptic involution (see for instance
[19, 30]). This implies that γ is also contained in the bottom boundary
of C. Therefore, there are (infinitely many) simple closed geodesics in
C that join the midpoint of γ to itself and cross every core curve of C
once. The cylinder corresponding to any such closed geodesic has the
required properties. 
We now show
Proposition 7.4. Let (X,ω) be a Veech surface in Hhyp(κ) where κ =
(2g−2) or (g−1, g−1). Then every regular point in (X,ω) is contained
in some simple closed geodesic.
Proof.
Step 1. Let w be a regular Weierstrass point, let J be a geodesic
segment of that realizes the distance from w to the zero set of ω. Then
γ0 := J ∪ τ(J) is a saddle connection invariant by τ . Since (X,ω)
is a Veech surface, it is periodic in the direction of γ0. Thus γ0 is
contained in the boundary of some cylinder C0. By Lemma 7.3, there
is a simple cylinder D0 in C0 that contains γ0. Let γ
+
1 , γ
−
1 be the
two saddle connections bordering D0. Then the saddle connections
γ0, γ
+
1 , γ
−
1 bound an embedded parallelogram P0. By construction every
regular point in P 0 is contained in a closed geodesic (regular points in
γ±1 and in int(P0) are contained in C0, while regular points in γ0 are
contained in D0).
Step 2. Note that the hyperelliptic involution preserves D0, exchanges
γ+1 and γ
−
1 , hence it preserves the complement of D0. Remove int(D0)
from X and identify γ+1 with γ
−
1 , we get a closed translation sur-
face (X1, ω1) in some hyperelliptic component of lower dimension (c.f.
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Lemma 6.5). Let γ1 denote the saddle connection corresponding to γ
+
1
and γ−1 on X1. Then γ1 is invariant under the hyperelliptic involution
of (X1, ω1).
Since (X,ω) is a Veech surface, it is periodic in the direction of
γ±1 . Therefore, (X1, ω1) is periodic in this direction. It follows that γ1
is contained in the boundary of a cylinder C1 of (X1, ω1). Again by
Lemma 7.3, γ1 is contained in a simple cylinder D1 ⊂ C1 bounded by
two saddle connections γ+2 , γ
−
2 . By construction every point in int(γ
+
2 )∪
int(γ−2 ) is contained in C1.
In X, D1 corresponds to an embedded parallelogram P1 which is
bounded by γ±1 and γ
±
2 . By construction, every regular point in P 1 is
contained in a simple closed geodesic of (X,ω).
γ0
γ0
γ−1 γ
+
1
γ−1
γ−2
γ+2
γ−2
γ−3 γ
+
3
γ−3
γ−4
γ+4
γ−4
γ5
γ5
P0
P1
P2
P3
P4
Figure 4. Decomposition of (X,ω) into parallelograms.
Step 3. By repeating Step 2, we get a sequence of pairs of saddle
connections (γ+i , γ
−
i ), i = 1, 2, . . . as follows: in the i-th step, we have
a pair of saddle connections (γ+i , γ
−
i ) permuted by the hyperelliptic
involution that decompose X into two components (c.f. Lemma 6.5),
one of which contains γ0 and all the pairs (γ
+
1 , γ
−
1 ), . . . , (γ
+
i−1, γ
−
i−1).
Consider the other component. Its closure is a subsurface of X bounded
by γ+i ∪ γ−i . Denote by (Xi, ωi) the translation surface obtained from
this subsurface by gluing γ+i and γ
−
i together. By Lemma 6.5, (Xi, ωi)
belongs to some hyperelliptic component. Note that the identification
of γ+i and γ
−
i gives rise to a saddle connection γi in Xi that is invariant
by the hyperelliptic involution.
Since (X,ω) is a Veech surface, the direction of γ±i is periodic. Recall
that Xi \ γi is a subsurface of X, therefore Xi is decomposed into
cylinders in the direction of γi. Since (Xi, ωi) is in a hyperelliptic
component, there is a unique cylinder Ci in this family that contains
γi it its boundary. By Lemma 7.3, γi is contained in a simple cylinder
Di whose every core curve crosses Ci once. The two saddle connections
in the boundary of Di are the pair (γ
+
i+1, γ
−
i+1) in our sequence. Note
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that, since γ±i+1 do not intersect γi in its interior, γ
+
i+1, γ
−
i+1 are actually
saddle connections in (X,ω).
By construction, γ+i+1, γ
−
i+1, γ
+
i , γ
−
i bound an embedded parallelogram
Pi in X. Since int(Pi) is contained in int(Ci), every point in int(Pi) is
contained in a core curve of Ci. The same is true for every point in
int(γ+i+1) and in int(γ
−
i+1).
Observe that the embedded parallelograms obtained from this pro-
cedure are pairwise disjoint (see Figure 4). Since the total angle in
a parallelogram is 2pi, the procedure must stop after ϑ(X)/(2pi) iter-
ations, where ϑ(X) is the total cone angle at the singularities of X,
and we get a decomposition of X into parallelograms. Since any reg-
ular point in the closure of each parallelogram in this decomposition
is contained in at least one simple closed geodesic, the proposition fol-
lows. 
Proof of Theorem 3 Case V. In this case, Theorem 3 is a direct conse-
quence of Proposition 7.4 and Theorem 2. 
7.5. Case IV: L = H˜(0, 0).
Proof of Theorem 3 for Case IV. Recall that in this case ω must have
two zeros. We first notice that there is a map F : L→ H(0, 0) defined
as follows: given (X,ω) ∈ L, let Λω := {
∫
c
ω, c ∈ H1(X,Z)}. Then Λω
is a lattice in C. Thus T := C/Λω is a torus. Pick a base point p0 ∈ X
and define a map pi : X → T by pi(q) = ∫ q
p0
ω mod Λω for any q ∈ X,
where the integration is taken along any path from p0 to q. It is not
difficult to see that pi is well defined. Let x1, x2 be the images of the
zeros of ω under pi. We define F ((X,ω)) = (T, {x1, x2}) ∈ H(0, 0). By
construction pi : (X,ω) → (T, {x1, x2}) is a translation cover which is
branched over {x1, x2}.
Let p be a regular point on X. Assume that pi(p) 6∈ {x1, x2}. By
Lemma 4.1, there is a closed geodesic γ through pi(p) which does not
intersect the set {x1, x2}. Then the component of pi−1(γ) that contains
p is a closed geodesic of (X,ω) (c.f. Lemma 4.5) so we are done.
Assume now that pi(p) ∈ {x1, x2}, say pi(p) = x1. In this case, given
a closed geodesic γ ⊂ T through pi(p), the component of pi−1(γ) that
contains p may also contain the zero of ω that projects to x1. To prove
the theorem in this case, we will make use of Case V, which has been
proved.
Suppose to a contradiction that p is not contained in any simple
closed geodesic of (X,ω). Recall that the set of square-tiled sur-
faces is dense in L. Let (X ′, ω′) ∈ L be a square-tiled surface, and
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pi′ : (X ′, ω′) → (T′, {x′1, x′2}) a translation cover where (T′, {x′1, x′2}) ∈
H(0, 0) is the image of (X ′, ω′) under F . Note that the condition
(X ′, ω′) is square-tiled means that x′1 − x′2 is a torsion point of T′.
By assumption, there exist an ∈ GL(2,R), n ∈ N, such that an ·
(X,ω) → (X ′, ω′) as n → ∞. Let (Xn, ωn, pn) := an · (X,ω, p),
(Tn, {x1n, x2n}) := an·(T, {x1, x2}), and pin : (Xn, ωn)→ (Tn, {x1n, x2n})
the corresponding translation covers. Since the map F is continuous,
(Tn, {x1n, x2n}) converges to (T′, {x′1, x′2}) as n→∞.
There exists some positive constant δ such that any two points in
(pi′)−1({x′1, x′2}) ⊂ X ′ are of distance at least δ away from each other
with respect to the flat metric defined by ω′. Therefore, there exists a
constant N > 0, such that for all n > N , pn is of distance at least δ/2
away from any zero of ωn (with respect to the flat metric defined by
ωn), since pn ∈ pi−1n ({x1n, x2n}).
After passing to a subsequence if necessary, we have (Xn, ωn, pn)
converges to (X ′, ω′, p′) as n → ∞, where p′ ∈ (pi′)−1({x′1, x′2}) is a
regular point. By Lemma 4.4, p′ is not contained in any simple closed
geodesic of (X ′, ω′), which contradicts Theorem 3 for Case V, since
(X ′, ω′) is a Veech surface. Thus Theorem 3 holds for Case IV. The
proof of Theorem 3 is now complete. 
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